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Abstract
We prove that any positive power bounded operator T in a KB-space E which satisfies
lim
n→∞dist
(
1
n
n−1∑
k=0
T kx, [−g,g] + ηBE
)
= 0 (∀x ∈ E, ‖x‖ 1), (1)
where BE is the unit ball of E, g ∈ E+, and 0  η < 1, is mean ergodic and its fixed space Fix(T ) is fi-
nite dimensional. This generalizes the main result of [E.Yu. Emelyanov, M.P.H. Wolff, Mean lower bounds
for Markov operators, Ann. Polon. Math. 83 (2004) 11–19]. Moreover, under the assumption that E is a
σ -Dedekind complete Banach lattice, we prove that if, for any positive power bounded operator T , the con-
dition (1) implies that T is mean ergodic then E is a KB-space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
It was proved recently [4] that if T is a Markov operator on an L1-space then T is mean
ergodic and satisfies dim Fix(T ) < ∞ whenever there exist a function h ∈ L1+ and a real 0 
η < 1 such that
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n→∞
∥∥∥∥∥
(
h− 1
n
n−1∑
k=0
T kf
)
+
∥∥∥∥∥ η
for every density f . In this paper, we extend this result to any positive power bounded operator on
a KB-space. Moreover, we show that this property of positive operators characterizes KB-spaces
among σ -Dedekind complete Banach lattices. The class of KB-spaces is large enough, it contains
L1-spaces as well as reflexive Banach lattices, for instance all Lp-spaces for 1 < p < ∞. The
principal tool in the proof of the main results of [4] was using the additivity of the norm on the
positive part of the L1-space. Since this is no longer the case for a general KB-space, we use
different ideas in the present paper. Our notation and terminology are standard, we follow the
books [1,8,10].
2. The main results
First we fix some necessary notion and definitions. Let E be a Banach lattice. For x  y in E,
we denote by [x, y] the order interval {z ∈ E: x  z  y}, and by BE = {z ∈ E: ‖z‖  1} the
closed unit ball of E. Given an element x ∈ E and a nonempty subset A ⊆ E,
dist(x,A) := inf{‖x − a‖: a ∈ A}
denotes the distance between x and A. For any operator T on E, Fix(T ) denotes the space of all
fixed vectors of T , and ATn denotes the Cesàro means of T , i.e.,
ATn =
1
n
n−1∑
k=0
T k.
An operator T on E is called mean ergodic if the sequence (ATn x)n is norm convergent for all
x ∈ E, and we call T power bounded if supn0 ‖T n‖ < ∞.
If T is a positive operator on E, then x ∈ E is called a positive fixed vector of maximal
support if x ∈ Fix(T )∩E+ and every y ∈ Fix(T )∩E+ is contained in the band generated by x.
An element x ∈ E+ is called a quasi-interior point if the order ideal Ex := ⋃∞n=1[−nx,nx]
generated by x is norm-dense in E.
Theorem 1. Let E be a KB-space, T be a positive power bounded operator in E, W be a weakly
compact subset of E, and η ∈ R, 0 η < 1 be such that
lim
n→∞ dist
(ATn x,W + ηBE)= 0
for any x ∈ BE . Then T is mean ergodic.
Proof. The first part of this proof is motivated by the proof of Theorem 5.3 in Räbiger’s paper [9].
Without lost of generality we may assume that E has a quasi-interior point. Indeed, for any
x ∈ E, x 
= 0, we consider the closed order ideal F generated by {T n|x|: n 0}, instead of E.
Then F is a KB-space [10, Proposition II.5.15] with a quasi-interior point ∑n0 2−nT n|x| and
T (F ) ⊆ F . Moreover, F is a projection band in E [8, Corollary 2.2.4]. If P :E → F denotes the
corresponding band projection, then
lim dist
(ATn z,P (W)+ ηBF )= 0 (∀z ∈ BF ).n→∞
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of the theorem. Thus, to show that (ATn x)n converges, it is enough to show that T |F is mean
ergodic.
Hence we may assume that E has a quasi-interior point, say e.
There are two alternative cases:
Case 1. (AT ′n x′)n is a σ(E′,E)-nullsequence for each x′ ∈ E′. Then (ATn x)n converges weakly
to 0 for each x ∈ E and hence, by the Eberlein mean ergodic theorem [6, Theorem 2.1.1], (ATn )n
converges strongly to 0. Hence T is mean ergodic.
Case 2. There is x′ ∈ E′+ such that (AT ′n x′)n is not σ(E′,E)-convergent to 0. Let 0 
= y′ ∈ E′+ be
a σ(E′,E)-cluster point of (AT ′n x′)n. We may assume ‖y′‖ = 1. Then, for all  > 0, there exists
n with 〈y′, x〉 − 〈AT ′n x′, x〉 <  and 〈T ′y′, x〉 − 〈T ′AT ′n x′, x〉 < . Combining these estimates,
we arrive at 〈y′, x〉 − 〈T ′y′, x〉 < 2, but  and x were chosen arbitrary, so T ′y′ = y′.
Fix  > 0 satisfying η +  < 1, choose x ∈ BE ∩ E+ such that 〈y′, x〉 > 1 − . Let x′′ ∈ E′′+
be a σ(E′′,E′)-cluster point of (ATn x)n. Then, by the same arguments as before, T ′′x′′ = x′′.
Since W is weakly compact in E and limn dist(ATn x,W + ηBE) = 0, we obtain that x′′ ∈
W +ηBE′′ . Moreover, 〈y′, x′′〉 = 〈y′, x〉 > 1− (since x′′ is a σ(E′′,E′)-cluster point of (ATn x)n
then, for every δ > 0, there exists nδ such that 〈y′, x′′〉− 〈y′,ATnδx〉 < δ. Thus we have 〈y′, x′′〉−
〈AT ′nδ y′, x〉 < δ, and since T ′y′ = y′, 〈y′, x′′〉 − 〈y′, x〉 < δ. By arbitrariness of δ, 〈y′, x′′〉 =〈y′, x〉).
Let P be the band projection from E′′ onto E (such a projection exists because of E is a
KB-space). Then (IdE′′ − P)x′′ ∈ ηBE′′ (by IdE′′ we denote the identity operator on E′′), and
hence
〈y′,P x′′〉 = 〈y′, x′′〉 − 〈y′, (IdE′′ −P)x′′〉> 1 −  − η > 0.
From
Px′′ + (IdE′′ −P)x′′ = x′′ = T ′′x′′ = x′′ = T Px′′ + T ′′(IdE′′ −P)x′′ ∈ E+ +E′′+,
and from the fact that Px′′ is the biggest part of x′′ in E+, we get 0  T Px′′  Px′′.
Hence, (T nPx′′)n is a decreasing sequence in E+. Since E has order continuous norm, z :=
limn T nPx′′ ∈ E+ exists. Clearly T z = z, and from
〈y′, z〉 = 〈y′,P x′′〉 > 0
it follows z 
= 0. Hence Fix(T )∩E+ 
= {0}.
Now the existence of a quasi-interior point e of E implies the existence of a strictly positive
linear functional ψ on E [7, Theorem 1.b.15]. For x ∈ E, let Px be the band projection from E
onto the band generated by x. Set
α := sup
x∈Fix(T )∩E+
〈ψ,Pxe〉 > 0.
Choose xn ∈ Fix(T ) ∩E+, n ∈ N , ‖xn‖ 1 with α = limn〈ψ,Pxne〉. Let u :=
∑
n 2−nxn. Then
u ∈ Fix(T ) ∩ E+, Pu  Pxn for all n ∈ N , and hence 〈ψ,Pue〉 = α. Let now x ∈ Fix(T ) ∩ E+.
Clearly Pu+x  Px and Pu+x  Pu. From
α = 〈ψ,Pue〉 〈ψ,Pu+xe〉 α
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Pu = Px+u. From Pu+x  Px it follows that Pu  Px . Thus u ∈ Fix(T ) ∩ E+ has a maximal
support.
Denote by Bu the projection band generated by u. Bu = cl⋃∞n=1[−nu,nu] by the order con-
tinuity of the norm in E. Denote Q = IdE −Pu and S = QT . Since T Pu = PuT Pu, then easy
calculations show that QT = QTQ (and then (QTQ)n = (QT )n = QT n for all n).
We show that the sequence (QATn )n is strongly convergent to 0. If not then ASn  0, and as
in Case 2, there exists y′ ∈ Fix(S′)∩E′+, y′ 
= 0. From
y′ = T ′Q′y′ = Q′T ′Q′y′ = Q′S′y′ = Q′y′
we obtain that y′ ∈ Fix(T ′) ∩ E′+. Again, as in Case 2, for this y′ there exists y ∈ Fix(T ) ∩ E+
such that 〈y′, y〉 > 0. Then
〈y′,Qy〉 = 〈Q′y′, y〉 = 〈y′, y〉 > 0.
Hence (IdE −Pu)y = Qy 
= 0, i.e., y /∈ Bu. This contradicts the fact that u has a maximal support.
Thus QATn → 0 strongly.
Since T is power bounded, M := supn0 ‖T n‖ < ∞. We shall use the following two elemen-
tary formulae:
ATnk = k−1
(ATn + T nATn + T 2nATn + · · · + T (k−1)nATn ) (2)
and
ATj+i −ATj = (j + i)−1
(
T j + T j+1 + · · · + T j+i−1)− i(j + i)−1ATj . (3)
Let x ∈ E and  > 0. Since limn→∞ ‖(IdE −Pu)ATn x‖ = 0, there exists n such that
dist(ATn x,Bu)  (3M)−1. Then there exist c ∈ R+ and w ∈ [−cu, cu] satisfying
‖ATn x −w‖ (2M)−1. Then, for any l  0,∥∥T lATn x − T lw∥∥ ∥∥T l∥∥∥∥ATn x −w∥∥M∥∥ATn x −w∥∥ 2−1. (4)
T [−u,u] ⊆ [−u,u] implies T lw ∈ [−cu, cu] for all l. Combining (2) and (4) we obtain that
dist
(ATnkx, [−cu, cu]) 2−1 (∀k ∈ N). (5)
By (3), there exists k ∈ N satisfying∥∥ATnk+ix −ATnkx∥∥ 2−1 (∀k  k, i = 1,2, . . . , n). (6)
From (5) and (6) it follows that
dist
(ATpx, [−cu, cu])  (∀p  nk). (7)
By (7), the sequence (ATn x)∞n=0 is almost order bounded in the sense that, for any  > 0, there
exists an interval [−a, a] such that{ATn x}∞n=0 ⊆ [−a, a] + BE.
Since every almost order bounded subset of a Banach lattice with order continuous norm is
weakly precompact (cf. [9, Lemma 3.2]) then {ATn x}∞n=0 has a weak cluster point, and then by
the Eberlein theorem the sequence (ATn x)n is norm convergent for any x ∈ E. Thus T is mean
ergodic. 
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if x ∈ Fix(T ) then
Pdu x = (IdE −Pu)x = (IdE −Pu)ATn x → 0.
So Pdu x = 0, and hence x ∈ Bu.
Since order intervals in any KB-space are weakly compact, the theorem is true if we replace a
weakly compact subset W of E by an order interval [−g,g] for any g ∈ E+. In this case, we have
even more, the fixed space Fix(T ) of T is finite dimensional and this is what the next theorem
shows.
Theorem 2. Let E be a KB-space, T be a positive power bounded operator on E, g ∈ E+, and
η ∈ R, 0 η < 1, be such that
lim
n→∞ dist
(ATn x, [−g,g] + ηBE)= 0 (8)
for any x ∈ BE . Then T is mean ergodic and Fix(T ) is finite dimensional.
Proof. The mean ergodicity of T follows from the preceding theorem.
Let us denote by C the order ideal generated by the set {x ∈ E+: ‖ATn x‖ → 0} then, for any
c ∈ C, ‖ATn c‖ → 0. By the power boundedness of T , ‖ATn x‖ → 0 for any x ∈ C, and hence the
norm closure C of C coincides with C. Since any norm closed ideal in a Banach lattice with
order continuous norm is a band [8, Corollary 2.4.4], C is a band, and since every band in E is
a projection band, E = C ⊕Cd . Obviously, C is T -invariant. Denote by PC the band projection
PC :E → C, and by PCd the band projection PCd :E → Cd . Let T1 := PCdT then 0 T1  T ,
and the band Cd is T1-invariant. The operator T1 is power bounded, and
lim
n→∞ dist
(AT1n x, [−g,g] + ηBE)= 0 (∀x ∈ BE).
Thus T1 satisfies all conditions of Theorem 1 then, by this theorem, T1 is mean ergodic. Consider
the mean ergodic projections PT ,PT1 :E → E defined as
PT x = lim
n→∞A
T
n x, PT1x = limn→∞A
T1
n x (∀x ∈ E).
By [6, Theorem 2.1.3], Fix(T ) = PT (E) and Fix(T1) = PT1(E). Obviously
PT ,PT1  0 and Fix(T1) ⊆ Cd.
Now we show that PT1 is strictly positive on Cd in the sense that
x ∈ Cd+, x 
= 0 ⇒ PT1x 
= 0.
Since C is T -invariant, we obtain by induction, that PCdT n = PCdT n1 for all n  0. Then
PCdATn = PCdAT1n for all n 0, and hence
PCdPT = PCdPT1 . (9)
Let x ∈ Cd+, x 
= 0, then, by the construction of C, PT x 
= 0 and PCdPT x 
= 0 since PT x ∈
Fix(T ). Then, by (9), PCdPT1x 
= 0, and hence PT1x 
= 0, and so PT1 is strictly positive on Cd .
By [10, Theorem III.11.5], Fix(T1) is a Banach sublattice in Cd and hence in E.
As it was shown in the proof of Theorem 1, there is a positive T1-fixed vector u1 of a maximal
support, and (IdE −Pu1)AT1n → 0 strongly as n → ∞. Hence
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n→∞ dist
(AT1n x, [−Pu1g,Pu1g] + ηBE)= 0 (∀x ∈ E, ‖x‖ 1). (10)
Assume that dim Fix(T1) = ∞ then by Judin’s theorem (cf. [2, Exercise 13, p. 46]) there exists
a sequence (xi)i ⊆ Fix(T1)+ such that xi ∧Fix(T1) xj = 0 for all i 
= j , and hence xi ∧ xj = 0 for
all i 
= j , since Fix(T1) is a sublattice in E. We may assume that ‖xi‖ = 1. Set yi = Pu1g ∧ xi
for any i. We obtain from (10):
‖yi‖ = ‖Pu1g ∧ xi‖ =
∥∥xi − (xi − Pu1g)+∥∥ 1 − η > 0
for all i. On the other hand, (yi)i is an order bounded (by the element Pu1g) disjoint sequence
in E, so the order continuity of the norm in E implies that ‖yi‖ → 0 [8, Theorem 2.4.2] which
contradicts to the inequality above. Hence Fix(T1) is finite dimensional.
Now we shall show that Fix(T ) ⊆ PT (Fix(T1)). From this it will follow that dim Fix(T ) 
dim Fix(T1) < ∞, what is required.
Indeed, let f ∈ Fix(T ), then
f = PCf + PCd f = Tf = T PCf + T PCd f,
and
PCd f = PCdT PCf + PCdT PCd f = PCdT PCd f = T1PCd f,
since C is T -invariant. Hence PCd f ∈ Fix(T1). To finish the proof of the theorem it is enough to
show that f = PT (PCd f ). It follows directly from
f =ATn f =ATn (PCf )+ATn (PCd f ) → PT (PCd f ) (n → ∞). 
Remark that any mean ergodic positive operator T , such that dim Fix(T ) < ∞, satisfies the
condition (8) for some g ∈ E+ and η ∈ R, 0 η < 1. Moreover, η can be taken arbitrary small.
In the forthcoming paper [5], M. Wolff and the third author proved Theorem 2 for Markov
operators on noncommutative L1-spaces. It will be interesting to obtain its analogue for positive
power bounded operators on noncommutative Lp-spaces.
The following example (which originally appeared in [3]) shows that the condition that E is a
KB-space cannot be omitted in Theorem 1. Even for Banach lattices with order continuous norm,
this result can fail.
Let c0 be a Banach space of all real null-sequences with sup-norm ‖ · ‖. Denote by ek the
element of c0 such that its kth coordinate is equal to 1, and all other coordinates are zero. Fix η,
0 < η < 1, and define the operator Sη : c0 → c0 as
Sηek =
{
e1 + ηe2, k = 1,
ek+1, k > 1,
and let Tη := (I + Sη)/2. Obviously ‖Tη‖ = 1. For k  2, we have
T nη ek = 2−n
n∑
l=0
(
n
l
)
ek+l .
So ‖T nη ek‖ = 2−n
(
n
[n/2]
)
, where [q] is the integer part of q . But
2−n
(
n
)
∼ 1/√π[n/2],[n/2]
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hence
lim
n→∞ dist
(ATηn x, [−e1, e1] + ηBc0)= 0 (∀x ∈ Bc0).
On the other hand, the sequence (ATηn e1)n does not converge to any element of c0. Hence Tη is
not mean ergodic.
3. Characterization of KB-spaces
The natural question arises: does condition (1) characterize KB-spaces among Banach lat-
tices? In general, the answer is unknown. Even if we know that any positive power bounded
operator T on a Banach lattice E is mean ergodic, we cannot conclude that E is a KB-space.
However such a characterization is possible when we consider σ -Dedekind complete Banach
lattices.
Theorem 3. Let E be a σ -Dedekind complete Banach lattice. Then the following conditions are
equivalent:
(a) E is a KB-space;
(b) any positive power bounded operator T on E, which satisfies
lim
n→∞ dist
(ATn x, [−g,g] + ηBE)= 0 (∀x ∈ BE)
for some g ∈ E+ and 0 η < 1, is mean ergodic;
(c) any positive operator T on E, which satisfies
lim
n→∞ dist
(
T nx, [−g,g] + ηBE
)= 0 (∀x ∈ BE)
for some g ∈ E+ and 0 η < 1, is mean ergodic.
Proof. (a) ⇒ (b). It follows from Theorem 2.
(b) ⇒ (c). It is obvious.
(c) ⇒ (a). It follows from [3, Theorem 2.2]. We repeat the arguments from [3], in a simple
form, for convenience of the reader.
Assume that E is not a KB-space. If the norm on E is not order continuous then there ex-
ists a disjoint order bounded sequence (en)n of E+ which does not converge to 0 in norm [8,
Theorem 2.4.2]. Without lost of generality we may assume that ‖en‖ = 1 and en  u for some
u ∈ E and all n. By [10, Exercise II.18.b] there exists a disjoint normalized sequence (ψn)n in
E′+ such that ψn(em) = 0 for m 
= n and ψn(en) 1/2. We set ϕn = ψn/ψn(en). Then ‖ϕn‖ 2
and ϕn(em) = δn,m. The map U :
∞ → E, given by
Uf = sup{fnen: n ∈ N},
is a well-defined topological lattice isomorphism [8, Lemma 2.3.10(ii)]. Define V :E → 
∞ by
(V x)n := ϕn(x).
Then ‖V ‖ 2 and VU = I on 
∞. Consider the left shift L on 
∞. L is not mean ergodic and
satisfies
lim dist
(
Lnx,
[−(1)i, (1)i])= 0 (∀x ∈ B
∞),
n→∞
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∞ which is identically equal to 1. Then T := ULV is a positive
power bounded operator on E which is not mean ergodic and satisfies
lim
n→∞ dist
(
T nx,
[−U((1)i),U((1)i)])= 0 (∀x ∈ BE).
Thus the norm on E is order continuous. By [8, Theorem 2.4.12], there exists a sublattice F of
E and a lattice isomorphism V0 from F onto c0, and by [8, Corollary 2.4.3], F is the range of a
positive projection P . Set
S = V −10 TηV0P,
where Tη is the operator on c0 constructed in the end of the previous section, and η satisfies
0 < η
∥∥V −10 ∥∥‖V0‖‖P ‖ < 1.
Then S is positive power bounded operator and
lim
n→∞ dist
(ASnx, [−V −10 e1,V −10 e1]+ η∥∥V −10 ∥∥‖V0‖‖P ‖ ·BE)= 0 (∀x ∈ BE).
The operator Tη is not mean ergodic in c0. Hence the operator S in E is also not mean er-
godic. 
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